Cosmic Dark Energy Emerging from Gravitationally Effective Vacuum Fluctuations 
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Astronomical observations indicate an accelerated cosmic expansion, the cause of which is explained by the 
action of 'dark energy'. Here we show that in discrete expanding space-time, only a tiny fraction of the vacuum 
fluctuations can become gravitationally effective and act as a driving 'dark' agent. The analytically derived 
effective vacuum energy density is found to be closely related to the critical cosmic energy density, thus helping 
to solve the cosmological constant problem as well as the coincidence problem. The proposed model implies 
that in the present day universe only the vacuum field of the photon and that of the lightest neutrino contribute to 
the effective vacuum. This allows one to fix the neutrino masses within a narrow range. The model also implies 
that the (real) universe has to be considered as a thermodynamically open system which exchanges energy and 
momentum with the virtual reservoir of the vacuum. 
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I. INTRODUCTION 

Over the past decade, astronomical studies have converged 
toward a cosmic expansion history that involves a recent ac- 
celerated expansion (e.g. |Q]], |0], Q). A widely accepted 
model is that of a dominant cosmic energy component ('dark 
energy') with negative pressure, which provides the dynamic 
mechanism for the acceleration. 

In the present day universe dark energy accounts for nearly 
three quarters of the whole cosmic energy budget. Yet, com- 
pared to quantum field theoretical expectations, its density is 
about 120 orders of magnitude smaller, a challenge occasion- 
ally dubbed the (old) 'cosmological constant problem' J3]. 
Another challenge is the 'cosmological coincidence problem' : 
obviously, we happen to live in a cosmic era where the densi- 
ties of the matter and dark energy components are of the same 
order of magnitude, although one expects these quantities to 
behave very differently in the course of the cosmic evolution. 

From a conceptual point of view, the simplest solution to 
the cosmic acceleration problem consists in the addition of 
a cosmological constant A to Einstein's equations. This is 
formally equivalent to the introduction of a constant dark en- 
ergy density pde = Pa = Ac 4 /(8nG) with negative pressure. 
At present, the astronomical observations actually favour the 
'ACDM-model' where one adopts, besides cold dark mat- 
ter (CDM), a cosmological constant. The fraction Qa q = 
PA/Pcrit,o, where p cl -i t ,o = 2>c 2 H^I{%nG) denotes the local crit- 
ical cosmic energy density, has been recently evaluated to be 
of 0| 



A,0 



0.725 + 0.016. 



(1) 



Dispite the ACDM-model's practical success, from a theo- 
retical point of view it is somewhat unsatisfying to just intro- 
duce a new fundamental constant. Hence, a large number of 
theoretical concepts and physical models has been proposed 
in order to explain the origin and evolution of the dark energy 
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component [e.g. @1, 0], and references therein]. Yet, the 
proposed models often suffer from the need of fine-tuning of 
otherwise unexplained free parameters. 

Vacuum energy would be the most natural explanation for 
such a constant energy contribution and it is actually one of 
the prime candidates for the solution of the dark energy prob- 
lem. However, besides the above mentioned cosmological 
constant problem, it is even unclear today how the vacuum 
could gravitationally interact with space-time. It is the aim of 
the present paper to introduce a new perspective on this issue, 
which allows to construct a viable dark energy model. 

The paper is organized as follows: In section|Il]we propose 
a new gravitationally effective vacuum model, expound the 
underlying concepts and derive an analytic expression of the 
expected amplitude of the effective vacuum energy density. In 
section [III] we firstly estimate the resulting amplitude in the 
local universe. The inferred evolution of the cosmic expan- 
sion rate is then dealt with in section HVl where we assume a 
spatially homogeneous universe. In section|V]we consider the 
problem of energy conservation and the equation-of-state pa- 
rameter of the effective vacuum component. In sectionlVTlwe 
briefly discuss how spatial inhomogeneities would affect the 
amount of the effective energy density. Finally, section IVIII 
contains our conclusions. 



H. GRAVITATIONALLY EFFECTIVE VACUUM ENERGY 

General relativity (GR) postulates that gravitation couples 
universally to all forms of energy and momentum. Hence, 
in continuous space-time vacuum fluctuations of all length- 
scales should gravitate; however, the respective total energy 
density would then diverge toward unphysical values. A 
widely accepted 'solution' to this problem is the assumption 
that, due to some unspecified symmetry, fluctuations of the 
vacuum fields actually do not couple to gravitation. Although 
violating the general relativistic postulate, this appears to be 
justified in view of the successful renormalization procedures 
performed in quantum field theory, where the energy density 
of the vacuum can be reset to zero. 
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Here we propose a different perspective, showing that vac- 
uum fluctuations actually do gravitate; but that this happens 
to be the case essentially only for fluctuations within a natu- 
rally given limited range of energies, thus meeting the above 
mentioned postulate of general relativity. However, this is 
achieved at the cost of violating another GR-postulate, that 
of continuous space-time. 

It appears that the cosmological constant problem emerges 
in some sense from a one-directional perspective: one only 
considers the action of the total sum of the vacuum fluctua- 
tions on the general relativistic space-time. Instead, we assert 
that it is essential to consider a back- re action, as well; how- 
ever, not on the total sum of the vacuum fluctuations, which 
would make no sense, but on each individual virtual particle. 

To be more specific, we assume that virtual fluctuations, 
just as real photons, may be subjected to the overall expansion 
of space during their limited lifetime. In continous space-time 
this assumption alone does not yet suffice to solve the prob- 
lem. Below we show that in process-related discrete space- 
time, only particles within a limited energy range actually in- 
teract. Hence, in the absence of interaction, as it is in the case 
for virtual particles especially at energies of the highest level, 
there is basically no gravitational coupling. 

In other words, the principle adopted here is the following: 
gravity implies interaction; virtual fluctuations that do not in- 
teract remain literally virtual and decouple from gravity, while 
fluctuations that interact become "real" in the sense that their 
energies contribute to what we refer to as the effective vacuum 
energy density. In the specific case of expanding space-time 
this becomes noticeable as cosmic dark energy. In order not 
to obscure the underlying concept, we focus in what follows 
on basic arguments. 



A. Vacuum fluctuations 

The vacuum ground state of a field i (e.g. photons, neu- 
trinos, etc.) can be described by an ensemble of free har- 
monic oscillators of angular frequency to and wavevector k, 
each with a zero-point energy of 



Ei(af) = nujj/2. 



(2) 



Summing the zero-point energies of all modes of all fields, 
the total vacuum energy density is given by 

Pvac = J] A = Z?rV f ' V^,/2)d 3 £. (3) 

j i Jk ,, 

In the following, we adopt the dispersion relation 



tiUi = ^jnrrc 4 + p 2 c 2 = ^(niiC 2 ) 2 + (Tick) 2 , (4) 

where m,-, p and Pi = h/2n denote respectively the particle 
mass of species i, the momentum and the reduced Planck con- 
stant. In each term of the sum (0 the factor g, accounts for the 
degrees of freedom (e.g. helicity) as well as the phase factor 
of the specific field under consideration. Hence, g, is negative 
for fermionic fields, while positive for bosonic ones. 



As is well-known, each integral in (0 diverges towards an 
unphysically large value unless the upper limit of integration 
is considerably reduced. The latter actually happens to be the 
case in process-related discrete space-time as is shown below; 
one then arrives at the effective vacuum energy density. 



B. Interaction limit 

The notion of discrete space-time is usually associated with 
the assumption that all physical length-scales are bound from 
below by a presumed minimal length ('Planck limit')- Instead 
of this, we assert that the assumed discreteness primarily in- 
volves a lower limit of the changes of length-scales, AL, and 
of time-scales, AT, in the course of an interaction; the usual 
Planck limit is then an implicit corollary. Though this asser- 
tion appears to be self-evident, it has not, to the knowledge 
of the author, been explicitely considered in the literature so 
far. However, as is shown below, this seemingly minor mod- 
ification establishes a conceptional shift that turns out to play 
a key role in order to tackle the well-known UV divergency 
problem. Hence, the scale differences AL and AT must fulfill 
the conditions 



|AL| > Tjl n and \AT\ > nl n /c, 



(5) 



where lp\ denotes the Planck length. The latter is related to the 
gravitational constant G by 



h 



= (nG/c^y 



1.616 x l(T 35 m. 



(6) 



The factor rj serves as a structure parameter which allows one 
to account for the possibility that the effective minimal length 
scale may be a multiple (e.g. n = V8tt) of the Planck length. 

The total energy change, AE,, that a virtual particle of en- 
ergy E, experiences in the course of an interaction (in the 
present paper: due to the expansion of space-time consid- 
ered in the reference frame where the cosmic microwave back- 
ground is isotropic) is given by 



\AEi\ = - \Aa)i\ = tin 



a! 

Ti 



\ATi\ Ef 
= fin!—? = -\ \ATi\ , (7) 
T nn 



where AT, denotes the respective change in period. From con- 
dition (0 and expression (0 one obtains the interaction limit 
(or, process-related coupling scale) 



Ef < 7rfic\AEi\/(.rilpi) = (nlri)E n \AEi\ 



(8) 



where E?\ = Tic/lp\ denotes the Planck energy. Hence, only 
virtual particles with energies below a given limit actually 
take part in the interaction. More energetic particles violate 
the constraints (0 and basically do not interact. It is widely 
believed that the presumed microscopic granularity of space- 
time becomes important only when the physical scales ap- 
proach the Planck scale. From (0, however, we conclude 
that the underlying process-related discrete structure actually 
affects macroscopic scales as well. And this happens to be 
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the case especially in low-energy interactions where \AEi\ is 
small. 

Note that constraints (0 and (0 imply a concept of the 
discret structure of space-time, which is quite different to its 
common notion. Whilst the latter is generally based on the as- 
sumption that space-time is granular at the Planck-scale (in 
the sense of Wheeler's "quantum foam" [9]), the proposed 
concept relies on the assumption that the microstructure is 
such that it only constrains physical processes. In a sense, the 
new notion represents a conceptual shift from being to becom- 
ing. Thus, the coupling scale (0 is basically and essentially 
process-related and the respective cutoff depends on the kind 
of interaction under consideration. 



C. Expanding space time 

In the following we apply condition (0 to the vacuum fluc- 
tuations in a large-scale homogeneous and isotropic universe 
which expands at a rate H = (da I At) I a, where a represents the 
scale-length of the universe. In analogy to the cosmological 
redshift of photons, we assume that the spatial expansion also 
affects the energy and momentum of virtual particles within 
their limited lifetimes. 

According to the assumptions (0, the expansion of space 
may also be considered as a quantized process, where on mi- 
croscopic scales discrete space elements pop up stochastically 
at a specific rate. Here we confine ourselves to effects of low- 
est order. To this end, we consider H as a mean rate averaged 
over appropriate length and time scales. In a sense, this pro- 
cedure is equivalent to that in thermodynamics, where macro- 
scopic quantities emerge from coarse-graining of the atomic 
scales. In the same line of reasoning, and for the sake of sim- 
plicity, we consider only mean lifetimes, t, , of each species of 
the virtual particles. 

In expanding space-time, the wavelength of each particle, 
real or virtual, becomes redshifted at a rate A/A - H. Within 
a short time interval, r, this amounts to \AA\ « AHt. The 
corresponding momentum change is given by 

\Ap\ = h\Ak\ = %2n\HXIX)\ = nin\AA\IA 2 * pHr . (9) 

Hence, the total momentum change a virtual particle expe- 
riences due to the expansion of space within its (energy- 
dependent) lifetime amounts to 



\A Pi \ = pHn = pHhl{2Ed, 



(10) 



where the latter relation follows from Heisenberg's uncer- 
tainty principle. Considering relations (0, (0 and ( fTOb the 
respective total energy change is given by 



|A£,| = H% p 2 c 2 /(8Ef) 



(11) 



Note that expression ( fTTT i is only meaningful for those par- 
ticles that meet condition (0. From (0 and (fTTT i we find that 



E 2 < (pc/2) ^TiEnnHKlT!) = (pc/2) D(H), (12) 

where D(H) defines a new characteristic cosmic energy scale 
that depends on the expansion rate H. 



In the local universe the characteristic 'interaction scale' D 
in (fT2l) amounts to 

A) = D(Ho) = VW^(6.40 x 10" 3 eV) , (13) 

where h^Q = i/ ( )/(100km/s/Mpc) denotes the normalized lo- 
cal Hubble parameter. Its observationally determined value is 
in the range of [e.g H, H, CI] 



0.64 - 0.76 



(14) 



Note that the amount of Do dT3b is of the order of the observed 
dark energy scale as well as of the conjectured neutrino mass 
scale [e.g. Hill . Il2ll l. We emphasize that, as an important 
outcome of the proposed model, this 'macroscopic' cosmic 
energy scale naturally emerges from the presumed process- 
related microscopic structure of space-time. 

This characteristic scale is not a constant but evolves in the 
course of the cosmic history as 



D(H) = D () yjHIH . 



(15) 



Obviously, only wavenumbers of a finite range satisfy con- 
dition (1121 1. Employing (0 and (0), the respective mass- 
dependent limits entering the integrals in the sum (0 are given 
by 



k mi (H) = D(H)/(Hc)X 



1 ± 



V 1 - x iW 



where x, denotes the relative mass defined by 
Xi(H) = m iC 2 /D(H) < 1. 



(16) 



(17) 



Expression ( TTST ) exhibits an interesting relationship be- 
tween the UV cutoff k\ and an apparent IR cutoff Lh, defined 
by Lh °c i/H, via the interaction scale D(H) oc y/Epi/Ln- 
Deduced from more general reasons, a similar functional re- 
lationship that should hold in effective field theories has been 
proposed by Cohen et al. II 1311 . And it is one of the basic 
assumptions of the so-called holographic dark energy models 
discussed in the literature [e.g. IU4I1 . 1151 1. The latter suggests 
a close but still to be examined relationship between the ef- 
fective vacuum model proposed in the present paper and the 
holographic principle [16]. In some sense, the new notion of 
a process-related coupling scale (0 provides a physical expla- 
nation for the holographic principle. 

Applying the wavenumber limits ([TBI ) to the integral (0 and 
substituting D ( [T2b we obtain 

m D\H) hH 2 W{H) c 2 H 2 W(H) 

^c(H) = WW = = , (18) 

where the dimensionless quantity W(H) is defined by the sum 
W(H) = Y jgi f i (H). (19) 

i 

Each function fi(H) = f(xj(H)) can be regarded as a weight- 
ing function that, for a given expansion rate H, specifies the 
individual contribution of each field i with relative particle 



4 




FIG. 1. Specific weighting factor /(x,) jA.2j as a function of relative 
particle mass x, dl7t . Massive fields where x, > 1 do not contribute 
to the effective vacuum. 

mass Xi (see Appendix). Figure Q] displays /; as a function 
of Xi, showing that the contribution of a vacuum field mono- 
tonically decreases with increasing particle mass. The most 
important finding is that virtual particles with relative mass 
Xi > 1, or, nij > D(H)/c 2 , actually do not contribute to the 
effective vacuum, i.e., they decouple from expanding space- 
time. 

Expression ( fT8T > can be recast to 

Pvac(H) = |^ W(H) Pcnt (H) , (20) 

or, 

n mc (H) = p v AH)/pcnt(H) = |^ W(H) , (21) 

showing the close relation to the cosmic critical energy den- 
sity. For a given expansion rate H the function W(H) (fT8l l 
is a finite sum over weighted numbers g, whose absolute val- 
ues are each of order unity. Thus one expects that the effective 
vacuum energy density and the critical energy density are both 
of the same order of magnitude. Note that the total weighting 
function W(H), therefore also p vac (H), can alter their signs in 
the course of the evolution of the expansion rate H. 

Identifying p vdc (H) in d20l > with the cosmic dark energy 
density pde provides an interesting constraint between the 
evolution of the cosmological quantities p^E and H, the struc- 
ture parameter 77 and the elementary particle parameters gj and 
m,-. Vice versa, this constraint may serve as a critical test for 
the proposed model. In the following sections we demonstrate 
that a consistent and surprisingly simple model can be con- 
structed. 



III. LOCAL UNIVERSE 

As a first crucial test for the reliability of the proposed 
model we evaluate the resulting present day effective vacuum 
energy density 

Ovac.o = |^ W(H ) = ^ Wo. (22) 



Assuming that the structure parameter 77 (O is of order 
unity, the characteristic local interaction scale Do ( [T3l is 
within the range of the neutrino mass scale, as noted above. 
Other hypothetical elementary particles like axions or ster- 
ile neutrinos with masses of the order of Do might exist. 
Here, however, we confine ourselves to considering only free 
elementary particles that are so far experimentally verified. 
Within the range of Do these are comprised of photons and the 
three neutrino flavours and mass eigenstates. We also disre- 
gard massless gluon fields as these vacuum fields are relevant 
presumably only within hadrons. 

The experimentally determined larger (atmospheric) and 
smaller (solar) mass-squared differences of the neutrino 
masses are respectively \Am 2 A \ = (2.43 + 0.13) x 10" 3 (eV/c 2 ) 2 
and Am 2 , = 7.50(-0.20/+0.19)x 10~ 5 (eV/c 2 ) 2 [e.g. d,and 
references therein]. Compared with (1131 1. one finds (Am^l » 
(Dole 2 ) 2 and even Am 2 > (Dole 2 ) 2 . In view of the limit ( TTTb 
this implies that besides photons only the vacuum field of the 
lightest neutrino can, if at all, contribute to the present day 
dark energy density, irrespective of the neutrino mass hierar- 
chy. Hence, the local value of the total weighting function is 
given by 

Wo = g P h - |g v |/v,i,o, (23) 

where respectively g p h and g v refer to the photon and neutrino 
field and the index T stands for the lightest neutrino species. 

To proceed, we adopt g p h = 2 according to the two possi- 
ble directions of photon polarization. The fermionic neutri- 
nos could in principle exhibit four degrees of freedom (Dirac 
particles). This would imply a lower bound of the mass of 
the lightest neutrino of m Vt \ > Dole 2 , since / v ,i,o in d23l must 
then be very small or even vanish. However, experimental 
findings indicate that neutrinos and anti-neutrinos each come 
along with only one spin helicity (mutually oppositely orien- 
tated), suggesting that neutrinos are Majorana particles. This 
shows that, in principle, the proposed model can offer valu- 
able clues to this issue. In the present paper, however, we re- 
frain from further consideration of this important question of 
neutrino physics but simply refer to the current observations 
which imply g Y = -2 in eq. (1231 . Adopting this, the local 
O-parameter of dark energy finally becomes 

Ode,o = Ovaco = 47r/(377 2 ) x (1 - / V;U >) . (24) 

Hence, two free parameters are left to adjust ( f24b to the ob- 
servations: the structure parameter, 77, and the relative mass of 
the lightest neutrino, x v ^o = '«v,i c 2 /Dq, which determines the 
value of the specific weighting factor / Vj 10 ■ 

Within the frame of the adopted simplifications, from (1241 ) 
one can draw a first interesting conclusion: even the light- 
est neutrino mass must be non-zero, otherwise f v ^o = 1 and 
^de,o would vanish. 

If on the other hand the lightest neutrino were more mas- 
sive than Do/c 2 ( fT3l) . / v ,i,o would vanish. One then infers a 
lower limit for the structure parameter of 77 > V4tt/(3) ~ 2.4, 
as Qyac.o should not exceed unity. In the intermediate case, 
i.e., < m v \ < Dole 2 , the structure parameter 77 can also be 
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FIG. 2. The local effective vacuum energy density parameter n v ac,o 
J24b as a function of the relative mass of the lightest neutrino jr v j,o = 
m v j c 2 /D . The structure parameter lO is chosen to be 77 = 1. 



smaller than 2.4. Vice versa, assuming a certain value of 77 
constrains the mass of the lightest neutrino from above. 

This allows, at least in principle, to use the proposed effec- 
tive vacuum model as a phenomenological test for the struc- 
ture parameter 77. However, since we do not aim to perform 
extended parameter studies in the present paper, we simply 
adopt 77 = 1 in what follows. That means, we assume that the 
Planck length itself represents the presumed effective process- 
related minimal length-scale of space-time. 

Figure [2] displays the amount of the local effective vacuum 
energy density parameter, Q V ac,o> as a function of the rela- 
tive mass of the lightest neutrino x v iq. If fi V ac,o is taken 
to be identical to the observationally determined dark en- 
ergy parameter, Ode.o, a reliable amplitude range is given by 
0.5 < O vac o < 1. This in turn confines the relative neutrino 
mass to be 0.40 < x^n ^ 0.56. Considering the observation- 
ally given span of the Hubble parameter ( fT4b . one then infers 
that the amount of the lightest neutrino mass is constrained by 
the rather narrow interval 2.3 < m v \ < 3.2 meV/c 2 . 

In order to estimate an upper limit of the respective summed 
neutrino mass M v = m Vi \ + m v ^ + m y j, we adopt m v< \ = 
3.2 meV/c 2 and an inverted mass ordering. From this 
and the measured mass-squared differences, we find M v < 
0.11 eV/c 2 , a value well below current upper bounds deter- 
mined by neutrino oscillation ex peri ments and by observa- 
tional cosmology [e.g. |T3l, GJ], idl, S]. This shows that 
the proposed gravitationally effective vacuum concept pro- 
vides a consistent model to resolve the (old) cosmological 
constant problem. 

In addition, the model predicts that the mass of the heaviest 
neutrino is 0.05 meV/c 2 at the most. Hence, the KATRIN 
experiment [21] with its sensitivity of 0.2 meV/c 2 may serve 
as a crucial experiment for the proposed model. 



IV. COSMIC EVOLUTION 

The amplitude of the derived effective vacuum energy den- 
sity parameter Q. VSLC (H) ( |2TI ) depends on the value of the cos- 
mic expansion rate H which itself affects the cosmic evo- 
lution. At present, the astronomical data point to a cosmic 



history that can be reliably represented by a simple ACDM- 
model [5]. Therefore, in the following we choose the ACDM- 
model as a reference. 

To this end, we confine ourselves to considering a homo- 
geneous, isotropic and spatially flat universe whose total cos- 
mic energy budget comprises of only matter and dark energy. 
Depending on the considered model, the latter is represented 
either by a cosmological constant or by the effective vacuum 
energy. 

The density of the matter component, assumed to be pres- 
sureless and energetically isolated from the dark energy com- 
ponent, scales with redshift z = (ao - a)/a as p m (z) / p c rit,o = 
^m,o(l + z) 3 . In a flat universe the local matter and dark en- 
ergy components are related by £2 m + Qde.o = 1 ■ Regard- 
ing the reference ACDM-model, the Friedmann-Robertson- 
Walker (FRW) equation is then given by 



E 2 (z) 



(l-Q A ,o)(l+z) 3 +Q. 



A.O 



(25) 



where E(z) = H(z)/Hq denotes the expansion rate normalized 
to its local value. The respective FRW-equation of the effec- 
tive vacuum model can be written as 



E 2 (z) = 



(1 - £2 vaCi o) 



1 - fi vaC;0 W(E(z))/W 



(26) 



where d2TT i and d22l have been used. 

Note that the explicite value of the local Hubble rate /iioo 
does not enter into expression d26b : The local amplitude Q vac ,o 
d22l) only depends on the relative mass of the lightest neutrino 
and in general on the structure parameter 77; the normalized 
total weighting function W(z) / Wo is just a function of the ratio 
H(z)/Ho and depends on the relative mass x, and the degrees 
of freedom g, via the sum (fT9b . 

Regarding the structure parameter 77, let us assume for a 
moment that even the mass of the lightest neutrino was much 
greater than the local energy scale Dq/c 2 . This would im- 
ply that for a wide redshift range, z < 1.5 for instance, 
only the vacuum field of the photons would contribute, i.e., 
W(E) = Wq = g p h- As has been discussed in section [III] we 
then could still match the resulting effective vacuum energy 
density Q va c,o with Oa,o CD assuming that the structure pa- 
rameter is 77 > 2.4. However, if only the photon field was rel- 
evant, one would have W{E(z))/Wq — 1 in d26b and therefore 
E 2 (z) = (1 + z) 3 . This is equivalent to a FRW-equation which 
describes the evolution of a Einstein-de Sitter (EdS) universe. 
However, the EdS -model is apparently not compatible with 
current observations [Frieman et al. Within the frame 

of the present model, this contradiction indicates that the mass 
of the lightest neutrino is actually below the scale Dq/c 2 and 
that the structure parameter is 77 < 2.4. This finding supports 
our presumption made in section|lIIJ namely that 77 = 1 . Thus, 
in the remainder of this paper we confine ourselves to consid- 
ering this constant value. 

As shown below, the (normalized) expansion rate E(z), 
given by expression d26l i. increases with growing redshift z. 
This implies that the characteristic energy scale D(E) ( fT31 > in- 
creases as well and that the relative mass of each elementary 
particle x\ oc D l becomes smaller. So, the higher the redshift 
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Redshift (z) Redshift (z) 



FIG. 3. Amplitude of the normalized total weighting function 
W(E(z))/Wq as a function of redshift. In models A - C inverted neu- 
trino mass ordering has been adopted (see tabled. 



FIG. 4. Normalized expansion rate E(z) = H(z)/Hq as a function of 
redshift in the effective vacuum models A - C (inverted mass order- 
ing; cf. table|IJ and in the ACDM model (solid line), for comparison. 



TABLE I. Effective vacuum models. In all models the structure pa- 
rameter l|5} is chosen to be r\ = 1. 



Model 


*v,l,0 


Mass Order 


gv 




w 


w A 




A 


0.476 


inv. 


-2 


0.725 


-0.93 


0.13 


0.933 


B 


0.500 


inv. 


-2 


0.803 


-0.94 


0.12 


1.015 


C 


0.518 


inv. 


-2 


0.864 


-0.95 


0.11 


1.109 


D 


0.476 


normal 


-2 


0.725 


-0.93 


0.13 


1.086 


E 


0.500 


normal 


-2 


0.803 


-0.94 


0.12 


1.167 


F 


0.518 


normal 


-2 


0.864 


-0.95 


0.11 


1.262 



the more vacuum fields gradually become gravitationally ef- 
fective and therefore have to be taken into account in the sum 
W(E) ( fT9l . Especially, if the expansion rate H(z) is so high 
that all three neutrino mass eigenstates contribute to the effec- 
tive vacuum, the sum W(E) amounts to 

W(E) = 8ph - \g v \ <J V> , (E) + f Vt 2 (E) + /„, 3 (£)) , (27) 

where we again adopt g p h = 2 and \g v \ = 2. 

The precise redshift values at which the second and third 
neutrino fields successively become relevant in d27l i. i.e., 
where the respective specific weighting factors /, become non- 
zero, depend on the ordering of the neutrino mass eigenstates. 
Yet, the neutrino mass ordering is still an open question [e.g. 
Bilenky (JH)]. So we have to consider in the following nor- 
mal as well as inverted mass ordering. 

In the frame of the present model, inverted mass ordering 
appears to be particularly interesting: The masses of the sec- 
ond and third neutrino fields are then at least (|A;«^J)^ 2 « 0.05 
eV. Comparing with Do ([T3T > and considering ( fT5T > and ( fT7] i 
this implies that the two heavier neutrino mass eigenstates first 
come into play, if the expansion rate is as large as H > 80 Hq. 
Below that value, only the vacuum fields of the photon and 
of the lightest neutrino prevail, as is the case in the local uni- 
verse. This has an important consequence: Starting from its 
local value, the neutrino weighting factor f v j (E) in (|27| | grad- 



ually approaches unity for increasing E ensuing that the ratio 
W/Wq becomes quite small at high z (see figure[3]l. Thus, for 
sufficiently high redshift, in both the ACDM and the effective 
vacuum model the relative expansion rates E(z) [cf. eqs. (|25T > 
and (l26l il are then predominantly governed by the evolution 
of the mass density. Figures [4] and [5] display the normalized 
expansion rate versus redshift for three effective vacuum mod- 
els A - C (see table and the ACDM-model for comparison. 
Figures [6] and [7] depict the respective normalized comoving 
distance Hq dc(z)/c, where dc(z) is defined by 

d c (z) = — r^-. (28) 
H J E(z') 

In model A we constrained the lightest relative neutrino mass 
Xyxo such that the amplitude of the local effective vacuum en- 
ergy density Q V ac,o matches with (Q~|i. However, compared to 
the ACDM-model, one would then find a slightly too strong 
expansion rate within the redshift range z < 2. But at even 
higher redshifts (figure |5j, the expansion rates of both mod- 
els behave more or less identically. Due to the enhanced ex- 
pansion rate, the comoving distance in model A is slightly 
smaller than that given by the ACDM-model (figsures [6] and 
|7). In model B we choose a value of the relative neutrino 
mass such that within the observationally important redshift 
range z < 2 the evolution of the comoving distance (figure 
|6]l becomes nearly indistinguishable from that of the refer- 
ence model. However, one would then derive a local effective 
vacuum energy density of £2 V ac,o = 0.80. Model C demon- 
strates how sensitively the effective vacuum model reacts on 
even smallest changes of the relative neutrino mass. 

If the expansion rate is so high that the two other neutrino 
mass eigenstates come into play, the expansion history de- 
viates strongly from that in a ACDM-model (figure [8j. The 
value of the total weighting function W(E) (127b and hence the 
effective vacuum energy density < f2Qb then become negative. 
This ensues a considerably smaller expansion rate compared 
to that in the ACDM-model. Nevertheless, even in the ef- 
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Redshift (z) Redshift (z) 



FIG. 5. Normalized expansion rate E(z) = H(z)/Ho as a function of 
redshift in the effective vacuum models A - C (inverted mass order- 
ing; cf . table|3 and in the ACDM model (solid line), for comparison. 
Same as figure|4]but for an extended redshift range. 



FIG. 7. Normalized comoving distance ( 128b as a function of redshift 
in the effective vacuum models A - C (inverted mass ordering; cf. 
table[l]l and in the ACDM model (solid line), for comparison. Same 
as figure|6]but for an extended redshift range. 
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FIG. 6. Normalized comoving distance l !28t as a function of redshift 
in the effective vacuum models A - C (inverted mass ordering; cf. 
table|D and in the ACDM model (solid line), for comparison. 
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FIG. 8. Normalized expansion rate E(z) = H(z)/Hq as a function of 
redshift in the effective vacuum models A - C (inverted mass order- 
ing; cf. table|IJ and in the ACDM model (solid line), for comparison. 
Same as figure[5]but for an extended redshift range. 



fective vacuum model the expansion rate increases with rising 
redshift. As long as one only considers photons and neutrinos, 
the normalized total weighting function W(E)/Wo in the de- 
nominator of the rhs of expression (l26l l eventually approaches 
the constant value of (g p h - 3 \g v \ /Wo), which is about -10. 
This involves that at very high redshift, z > 60, the expansion 
rate still develops proportionally to (1 + z) 3 ^ 2 , but in a way as 
if the mass density was effectively reduced by a certain factor. 
Compared to the findings in a ACDM-model the resulting ex- 
pansion rate is then diminished by a factor of approximately 

l/Vl + 10Qvac,0*0.35. 

Of course, this inferred reduction factor of the expansion 
rate is based on our simplifying assumption that besides pho- 
tons and neutrinos no other elementary particle fields, e.g. 
bosonic axions, become relevant according to (T% . The lat- 



ter would happen if the mass of those particles were smaller 
than the characteristic cosmic energy scale D{H) at a given 
expansion rate. The expansion rate at the era of recombi- 
nation is of special interest. The corresponding redshift is 
z rec ~ 1100, which involves E(z lec ) ~ 6700 if only photons 
and neutrinos are taken into account. From dT3T > one then ob- 
tains D(Zrec) ~ 0.45 eV. Thus, if no other elementary parti- 
cles with masses below that scale actually exist, only the vac- 
uum fields of the photons and neutrinos contribute to the ef- 
fective vacuum density at least back until the recombination 
era. However, this finding certainly can not be true for much 
earlier cosmic times. Otherwise one would infer a too low 
expansion rate in the early universe which implies that the 
universe was much older at the time of recombination than 
in the ACDM-model. This would presumably conflict with 
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FIG. 9. Normalized expansion rate E(z) = H(z)/Hq as a function of 
redshift in the effective vacuum models D - F (normal mass ordering; 
cf. tablefTJl and in the ACDM model (solid line), for comparison. 



FIG. 10. Normalized age of the universe l |29t as a function of redshift 
in the effective vacuum models D - F (normal mass ordering; cf. table 
13 and in the ACDM model (solid line), for comparison. 



the observed fluctuation spectrum of the cosmic microwave 
background (CMB) [5]. So, in the framework of the present 
model, one would conclude that bosonic particles must exist 
within the considered low mass range. In principle, the CMB 
can offer important clues to this issue; a further consideration 
of this question is, however, beyond the scope of the present 
paper. 

The graphs in figure [8] exhibit a peculiar behaviour: When- 
ever the expansion rate is such that the energy scale D(E) <JT5j 
matches the mass energy of a specific neutrino mass eigen- 
state, the evolution of the expansion rate exhibits a sudden 
change. However, this sudden change of the gradient is the 
consequence of just the mathematically lowest-order treat- 
ment of the proposed model. This rather unphysical effect 
would vanish in a more thorough analysis, where one should 
account for, e.g., the probabilistic nature of the lifetime of the 
virtual particles leading to a softening of the sharp cutoff of 
the specific weighting function fi at x; = 1 (see figure[T|l. Yet, 
the general structure of the function E = E(z) would persist. 

So far, we considered inverted neutrino mass ordering. Fig- 
ure|9]displays the resulting development of the expansion rate 
for normal mass ordering (models D - F) where we adopted, 
except for the mass ordering, the same model parameters as 
in figure [8] It clearly shows that the deviation to smaller ex- 
pansion rates as discribed above now already occurs at much 
smaller redshifts (z ~ 2). The reason for this lies in the fact 
that the mass of the second massive neutrino is now close to 
that of the lightest one. 

Hence, in the case of normal mass ordering the expansion 
rate is found to be much smaller than the respective outcome 
in the ACDM-model already within the redshift range z < 
10 . This in turn considerably enlarges the inferred age of 
the universe, T age {z). For z < 10 a reliable approximation of 
Tnge(z) is given by 

T ^'iSa^mFy (29) 
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FIG. 1 1 . Normalized age of the universe l |29l l as a function of redshift 
in the effective vacuum models A - C (inverted mass ordering; cf. 
table|IJ and in the ACDM model (solid line), for comparison. 



where we assume that up to redshift z rec the effective vacuum 
energy density is governed only by the vacuum fields of the 
photons and the neutrinos. The inferred normalized present 
day age of the universe, HoT age (z = 0), in the effective vacuum 
models is given in the last column of table Q] The respective 
value in the ACDM-model is 0.988. 

Figure[10]displays the normalized age as a function of red- 
shift in models D - F. One then derives that at z — 4 the age was 
about twice as high as in the ACDM-model. This could help 
to alleviate the cosmic age problem from which the ACDM- 
model is supposed to suffer, as i t ap parently fails to reconcile 
the age of an old quasar i22Tl . [23]. In this respect, models 
D - F (normal mass ordering) might be more advantageous 
than models A - C (inverted mass ordering). The evolution 
of the respective normalized age in the latter models is shown 
in figure QT| for comparison. On the other hand, a too low 



9 



expansion rate in the range z < 10 could conflict with the usu- 
ally adopted successful concept of cosmic structure formation. 
A further consideration of this important question, however, 
needs a more thorough treatment and has to be deferred to 
later work (see also section [VTb. 

Of course, the current unknowns of elementary particle 
physics enter into the present model as (still) free parame- 
ters. Yet, the considerations of this section demonstrate that 
the gravitationally effective vacuum model of dark energy al- 
lows the construction of a consistent model that describes a 
cosmic expansion history which is largly identical to the one 
given by the ACDM-model. That means that the proposed 
model can be regarded to be, at least in principle, in accord 
with current observational data. 



V. ENERGY CONSERVATION 

In this section we consider the energy conservation of the 
effective vacuum component and its equation-of-state (EOS) 
parameter, w = P/p, where P denotes the pressure. 

As is well-known, a non-zero cosmological constant A may 
be regarded as the action of a constant dark energy density 
with a specific EOS parameter of 

w A = -1. (30) 

At present, the observational data are consistent with a con- 
stant w-parameter of this value [e.g. JH], hence apparently 
supporting the ACDM-model. 

It is commonly suggested that a value of w = - 1 charac- 
terizes the (constant) vacuum state. This relies on the ansatz 
difivacO 1 ) + Pvac^(fl 3 ) = describing energy conservation of 
the vacuum 'fluid' in an expanding volume. In this respect it 
becomes clear why the cosmological constant, A, is usually 
associated with the otherwise unspecified action of the vac- 
uum. From that point of view, it is tempting to consider the 
proposed effective vacuum model just as another variant of a 
specific class of ACDM-models, namely of those models that 
allow for a time varying A(f). However, as we would like to 
stress, the effective vacuum model is essentially different from 
all ACDM-models. Indeed, its underlying concepts make it 
different to most of the cosmological models proposed in the 
literature as we try to expound in the following. 

The problem centres on the issue of energy conservation. 
One commonly begins with the ansatz 

d(p tot a 3 )/dt + P tot da 3 /dt = 0, (31) 

where p tot and P tol denote the total energy density and pres- 
sure of all cosmic constituents like matter, radiation and dark 
energy. For the sake of simplicity, we assume again 

Ptot = Pm +PDE, and Ptot = Pm + ^DE- (32) 

From OTb and ( |32] | one finds, in general, 

d (p m a 3 ) /dt + P m d (a 3 ) /dt = -S , (33) 



and 

d (poEfl 3 ) /dt + P DE d (a 3 ) /dt = S . (34) 

Note that for non-relativistic matter (luminous and dark), the 
pressure term in ( 1331 can be neglected. In fl33T > and 041 ), S rep- 
resents a possible net energy exchange rate between the matter 
and the dark energy components which cannot be excluded 
from the outset. Employing the definition wde = Pde/Pde, 
the latter equation can be written as 

Pde + 3Hp DE (l + w DE ) = Sa~ 3 , (35) 

where the over-dot denotes the derivative with respect to time. 

If one demands energy conservation for each component 
separately, i.e., S — 0, the evolution of the dark energy den- 
sity fl35l > is completely governed by the EOS parameter, wde, 
which, in general, can itself develop in the course of the cos- 
mic evolution. Such an ansatz is employed, for instance, in 
quintessence models [e.g. |6J], and references therein]. In 
the case of the ACDM-model, where wde = wa = -1 is a 
constant, one yields the aforementioned constancy of the dark 
energy density. 

On the other hand, in time varying A(f)CDM-models one 
still puts wde = -1 in eq. d35l ). But in order to accomplish 
the modelling of an evolving dark energy density one has to 
allow for an, otherwise unspecified, energy exchange with the 
matter component; that means, one puts S (a) + on the rhs 
of 01 and© [e.g. (H]. 

None of these procedures appear to be viable for the effec- 
tive vacuum model: An energy exchange between the effec- 
tive vacuum and the matter component does not make sense, 
since the vacuum fluctuations are supposed to be affected only 
by the expansion of space but not by couplings to some other 
fields. This would involve S — and wde ^ -1 in d35l ). 
Though one could formally derive a w-parameter function 

wde(z) = -1 - Pde(z)/(3H Pde (z)), (36) 

one would be then faced with the unphysical result that wde(z) 
diverges to infinity as p vac (z) d20l ) becomes zero at some par- 
ticular redshift. This is not a mere technical problem but a 
consequence of the underlying conceptual inconsistency. 

However, this inconsistency resolves when recalling that 
the effective vacuum energy, becoming noticible as dark en- 
ergy, is only part of the enormous reservoir of the total vac- 
uum with which the effective component exchanges energy. 
To be more specific: The effective vacuum energy arises from 
the virtual vacuum by virtue of the presumed interaction with 
expanding space. In a sense, the energy content of the effec- 
tive vacuum can be regarded as though it is generated from 
'nothing'; so there is no need for energy exchange with any 
other component, like matter, radiation and so forth . This 
also implies that the total net rate at which the amplitude of 
the effective vacuum component may change in time is basi- 
cally defined by p vac itself. 

Thus, we propose the following point of view: Whilst the 
matter component is a closed, energy conserving subsystem, 
i.e., S = in d33l ). the effective vacuum component couples 
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with the virtual reservoir via a net energy exchange rate S vac . 
As pointed out above, this rate is necessarily given by Svac = 
p vac a 3 . Hence, eq. d35l l can be written as 

p vac + 3Hp vac (l + W vac ) = S vac fiT 3 = p vac - (37) 

From ( l37l i. we deduce a constant EOS parameter of 

Wvac = -1. (38) 

For reasons of energy conservation, one could formally 
supplement eq. (l37T i by 



Pvir 

+ 3//p vir (l + W vir ) 



(39) 



where p v ; r denotes the remaining virtual part of the total vac- 
uum energy density. The latter relation in ( 1391 follows from 
the presumption that the total vacuum energy density is a con- 
stant. Again, one would derive a constant EOS parameter of 
Wvir = -l. The sum of eqs. fl37T i and ( f39b would then describe 
conservation of energy of the complete vacuum sector. Yet, 
in the real physical world only the effective vacuum compo- 
nent fl37l ) becomes noticable as dark energy, whilst the virtual 
component ( |39l does literally not appear. Hence, in reality 
one necessarily deals with only a subsystem. This has the 
important consequence that the universe, as it is usually con- 
sidered to comprise of matter, radiation, dark energy and so 
forth, is essentially a (thermodynamically) open system which 
exchanges energy (and as well momentum) with the immense 
reservoir of the virtual vacuum. 

This becomes more clear considering the time derivative of 
the FRW equation. If one assumes adiabaticity (cf. eq. [3T1 ). 
one usually arrives at 
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-^Pm(z) - ^Pde(z) (1 + 3w DE ) 



(40) 



But adopting d37| l, characterized by its non-vanishing source 
term, we obtain 
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-~Pm(z) +Pvac(z) + ^Pvacfe) 



(41) 



where (l38l has been employed. The last term in the brack- 
ets stems from the coupling with the virtual vacuum. It is 
this dissipative term that makes the effective vacuum model 
different to not only the A(f)CDM-model but to basically all 
adiabatic models. It vanishes in the special case of constant 
expansion rate, since the amplitude of the effective vacuum 
energy density is then a constant. In the local universe, where 
the expansion rate changes slowly, the value of this extra en- 
ergy contribution is indeed non-zero but much smaller than 
the amplitudes of the other energy components. However, in 
a situation where the cosmic expansion rate evolves on short 
time-scales, all energy contributions could be of the same or- 
der of magnitude; this might have been the case, for instance, 
in the early universe. 

Note that due to the thermodynamic openness, the ampli- 
tude of the effective vacuum energy density p vac (z) evolves in 
the course of the cosmic expansion history, though its EOS 



parameter is w vac = — 1 . From an observational point of view, 
the evolution of p vac Cz) can be regarded to mimic an effective 
w-parameter wde(z) + -1 given by (f36b . However, as men- 
tioned above, such a derived wde(z) would not behave phys- 
ically meaningfully at any redshift value. Yet, regarding the 
local universe, it allows to test the expected outcome of the 
proposed model by comparing it with observational findings. 
In observational cosmology, the most commonly used phe- 
nomenological description of dark energy consists in a linear 
parameterization of l25tl . J26ll 



vv(fl) = wo + wa(1 - a/ao), 



(42) 



where wq and wa are constants. In order to evaluate these 
quantities in terms of the effective vacuum model, we apply 
an expansion of wde(g) about a = ao up to first order. That 
means, we write 



wde(o) ~ w DE (ao) + 



dw DE (a) 



d(l — a/ao) 



(1 -a/ao). (43) 



Identifiying the expansion parameters in d43l with the respec- 
tive quantities in (l42l > and employing d36l ), one obtains the 
relations 



w = -1 + (l/3)Po E (z = 0)/p DE ,o 



(44) 



and 



w A = -3(1 + wo) 2 + wo + 1 + (1/3)pd E (z = 0)/p DE ,o , (45) 

where the prime denotes the derivative with respect to z. Fi- 
nally, we numerically determine the derivatives of p vac (z) at 
z = and insert these numbers into (l44l i and (05]). The result- 
ing values of wo and wa are given in table U The numbers 
show that within the frame of the effective vacuum model 
one expects wo > -1 and a small (positive) value of wa of 
one tenth. This appears to be in good agreement with re- 
cent observational determinations which point to values wo = 
-0.93 + 0.13 and w A = -0.4 ±0.7 0]. Though this agreement 
should not be over-estimated, it at least demonstrates that also 
in respect to the w-parameter the proposed model is consistent 
with current observations. 



VI. INHOMOGENEITIES 

So far we considered the evolution of a homogeneously dis- 
tributed effective vacuum energy density. However, as has al- 
ready been argued by Caldwell et al. 12711 . a spatially uniform 
but time-evolving cosmic energy component is ill-defined and 
unphysical. 

In terms of the present model, we actually expect the am- 
plitude of p vac (H) to fluctuate, since the rate of expansion of 
space is presumably inhomogeneous due to the lumpiness of 
the matter component. Within gravitationally stable configu- 
rations, like clusters of galaxies, space expansion is suppos- 
edly considerably diminished, thus reducing the amount of 
pvnc(H) within these regions. 
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Yet, another reason for spatial inhomogeneities of the effec- 
tive vacuum energy density exists, the analysis of which goes 
far beyond the scope of the present paper: In section UlCl we 
assumed that the energy and momentum of the virtual parti- 
cles are affected by the expansion of space. More generally 
speaking, we assumed that the virtual particles are affected 
by a specific deviation from Minkowskian space-time. In this 
sense, we assert that any deviation from Minkowskian space- 
time generates a non-zero amplitude of the effective vacuum 
energy and momentum density. This implies that in a spatially 
inhomogeneous situation, all components of the respective ef- 
fective vacuum energy-momentum tensor might be non-zero. 

In the special case where the deviation from Minkowskian 
space-time is caused by a potential gradient, V</>, we expect 
each term of the tensor components to show basically the same 
structure as that of p mc (H) given in ( fTSl l. but where H is re- 
placed by the rate (V0)/c. Of course, these additional compo- 
nents would cause a backreaction on the evolution of space- 
time and might as well affect the process of cosmic structure 
formation; and, in respect to the latter, they might also help to 
alleviate the dark matter problem. A further consideration of 
this issue is postponed to later work. 



VII. CONCLUSIONS 

We conclude that the proposed gravitationally effective vac- 
uum model has the potential to solve the (old) cosmological 
constant problem. The same holds for the coincidence prob- 
lem: Since the expected effective vacuum energy density (l20b 
is closely related to the cosmic critical density, it is a natural 
outcome of this model that one expects both to be of the same 
order of magnitude. 

The model provides important constraints between cosmo- 
logical parameters and elementary particle parameters. It 
gives a natural explanation for the observed intriguing coin- 
cidence between the cosmic dark energy scale and the scale 
of the neutrino mass. Based on the outcomes of the model, 
we predict that the mass of even the most massive neutrino is 
0.05 eV/c 2 at the most. This value is still below the sensitivity 
of 0.2 eV/c 2 of the KATRIN experiment JH. 

The model is based on the assertion that the assumed dis- 
creteness of space-time primarily involves a lower limit of the 



changes of length-scales and time-scales, but not of the scales 
itself. This conceptual shift from a static to a process-related 
constraint leads to a natural UV-cutoff ([SJ. It also has the 
important consequence that the presumed process -related mi- 
crostructure of space-time actually affects macroscopic scales 
and that this happens especially to be the case in low-energy 
interactions. This finding is in contrast to the common belief 
that the discreteness of space-time becomes important only 
when the involved energies approach the Planck energy scale. 

An essential ingredient of the model is the discrimination 
between an effective and a virtual vacuum component, where 
the two components exchange energy and momentum. How- 
ever, in the real physical universe only the effective vacuum 
becomes noticable as dark energy. This implies that the uni- 
verse has to be considered as a (thermodynamically) open sub- 
system that exchanges energy and momentum with the huge 
reservoir of the virtual vacuum. 



Appendix: Weighting function 



Let £ = hcklD{H),Xi = J*? + £ 2 and 

™ m *-k£**f\£*** ,A1) 

where x,- is defined in H7i . The integral fi can be expressed 
analytically by [HI 

fi = (1/32) _ fa. _ x 4 ln (f + (A 2) 

Referring to (TToT l the limits are fo/u = 1 ± ^1 — xf. For the 
special case of a massless field, i.e., x, = 0, one finds /(0) = 1. 
In general, it is < f, < 1 . 
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